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ABSTRACT
The problems of transient heat conduction in multi-layered objects are studied. A solution of a
boundary uniform problem with transient boundary conditions of third type is suggested. The
Fourier method of variable separation by eigen functions of the problem and Duhamel's integral are
taken as a basis of the solution. The suggested solution form is of explicit form and due to
recurrent format of writing basic relations can be useful for numerical calculations and analyses of
kinetics of transient heating (cooling) of multi-layered objects.
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Introduction

Many important practical problems of calculating temperature fields in
multi-layered objects can be considered one-dimensional. This subject is
explored by foreign researchers (Korn and Korn 1983; Pichard, 1985; Vaessen,
1987; Vandana & Banthia, 1989; Cory & Rosenhause, 1997; Lekner, 1990;
Harmut, 1985; Lindell & Sihvola, 1995) as well as by domestic researchers
(Kudinov, 2011; Kudinov, Kartashov & Kalashnikov, 2005; Kudinov, Averin &
Stefanyuk, 2008; Kudinov & Kartashov, 2000; Temnikov, Igonin & Kudinov,
1982; Bateman, 1958; Falkowski, 1978; Kudryashov, Zavizon & Betsky, 1998;
Bogdanovich, 1978; Basantkumar et al., 2006, Burlakov, Kondrashov & Maltsev,
2004; Kalashnikov et al.,, 1995; 1996). Previously, the author suggested the
analytical solution of a uniform problem of transient heat conduction in multi-
layered objects under steady-state boundary conditions of third type (Vendin,
1993; 2013; Vendin & Trubaev, 2013).
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Results and Discussion

A solution of that task under transient boundary conditions of third type is
described below.

In the general case the mathematical statement of a one-dimensional
problem of thermal conductivity for multi-layered objects is defined with the
following differential equation system:

oT; (r,t) 2 . .
———=aq;V°T(r,0), xi-1<r<xi, i=1,2,.n, (1)
ot

where ai,- temperature conductivity coefficients of the ith layer
correspondingly; Ti(r,t)- temperature field of the ith layer; x0, xn — coordinates of
lower and upper geometrical (free) surface of an object correspondingly;

We also assume that the object is isotropic, i.e. thermophysical parameters
in each layer are constant and homogeneous throughout the volume it occupies.

We define free-surface boundary conditions r = xo ,r = xn as boundary
conditions of third type, assuming that boundary conditions of first and second
type can be represented as special cases of boundary conditions of third type.

In this case according to (Kartashov, 2001) we get the following:
oT, (r, z)}

r

oT,, (r,t)
Yi(r,t)+h1 =¢1(t) ) Tn(”at)"‘hza— :¢2(t)
r r=xy

r=x,
(2)
The boundary conditions of conjugating temperature fields and heat flows

at the boundaries of layer division are generally defined using the following
expressions:

o (r, 1) o, (r,1)|
T.(r,0)=T. (", 0) ., |A; — =1 It
l(r’ ) l+l(r )r_-xl 4 ar l+1 ar 3
r=Xx;
(3)
i=1,2,...n-1,

where Al - thermal conductivity of the ith layer.

The initial distribution of temperature fields in each layer is as follows:
L(r,0) = f;(r), 1=1,2,..n, (4)
If we present the desired problem solution as a sum of

T:(r,t) = f;(r) +v;(r,0), 6)

the problem comes to determining the functions Vi (I",l‘), which are solution
of the problem with zero initial conditions and satisfy the following equations:

ov; (r,1)

:a-Vzv-(r,t), xi-1<r<xi, 1=1,2,...n, (6)
o i i

[w(r,z)m M} —0)
or

r=x,
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|:vn (r,0) + hy M} =0, () O
r=xy

or

ov;(r,1) . ;1 (r, t)|

A
or i+l or

1

‘vl- (r,t)= Vi (r,2) r=x; -

(8)
1i=1, 2,...n-1,vl-(r,0):O, 1=1,2,...n, ©)
In the general case a problem with time-dependant inhomogeneous

boundary conditions can be solved by Duhamel's integral (Kartashov, 2001; Korn
& Korn, 1983):

Lo
v;(r,t) = (f)a—\'/i (r,t,t—7)dr, when t>0 (10)
t

where vi(r,7,t) - problem solution provided that t is a parameter.

Then functions vi(r,7,t) should satisfy the differential equation (5) with

initial conditions v;(r,7,0)=0 and free-surface boundary conditions r=x0, xn, as

well as conjugating conditions:

. 8\'/1 (r,7,1t)
v(r,o,0)+hy ——— = (1)
r
r=xg
, {v'n (r, 7.0+ hy M} =0, (1) an
r r=xy

‘Vi(ra 7, t) = Vl-+1(7", T, t)

=X.
rxl

N ov;(r,7,1) . ;1 (r,7,1)

(12)
! or i+l or

r=Xx-
1=1,2,...n-1
Based on the found solution, the functions v;(r,7,7) are determined using

the following expressions:
w .
T =YD+ 2 o)y bt ) XD i) (13)
m: b 2
And the functions Vi (I’,t) are the following:
- 2 ialc o 2 (14)
vi(r,0) = ol ~ /”i,maio m (0 exXp(; 3y )T \F (1) €XP(= 41 1y ) -

Where F;',m (,ul-,mr) - problem eigen functions

. i '
Ep (W 1) = [krzll Zk} x [Yl (4; ") + B Yy (,ul-’ml"):l ,i=1,2,...n (15)
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NG %) + Y %) (16)

Y (4 %) + ¥ (4 1 %)

I,m

5 Yy N N i) + Big o (g i)

i i1
N4 ¥iop) g X)) + B Yo (g Xiy) i)
N Y3 (4 iy ., Ny pome )+ B Wy q i) Yy (g %)

i,m

) i—1
Yy (4 gy %i1) Ny i) + Big Yo (g i)
7)
1=2,3,...n.

Ny i) + B Vo (M X))
_ Viclm™i-l =172 il mTi] i=23,..n, (18)

N X)) + By (4 X 1)

M = MmO /al- ., Mym - the problem eigen-values, which are
determined according to the equation

Y (i mxn) + hoy Y Gty X)) + By Yo (i X)) + oy Yo (i X)) = 0,

m=0,12,... (19)
n A X . n.n
Cn(@=- Z— | v;(r,00GE; , (; , )dr || ZJ7 (20)
z=1al. X4 ’ ’ i=1
V(1 7) = () + (D)0 (1) - 0, () |x [e(r) + B ()] 1)
, , A . ,
B (@) = —|E(xg) + &' xg)| = 0. (o) = - e+ By |- 0y i
i-1
2,3,...n (22)
a; = A x . ! i=1,2,...n. (23)
Ay EGp)+ () + hyl'(xy)
.2 /Ii Y .2
Ji=— | G(”)Fi,m (,ul-,mr)dr
4 i

Weight function G(r), as well as specific type of the functions &(r) and

Fi (#;r)are found using the following expressions:
a) Cartesian coordinate system:
G(r) =1,8(r) = r, Yy (gr) = sin(u;r), Yy (u;r) = cos(p;r). (24)
b) spherical coordinate system:

1 1 1
GOr) =, £r) == 0 () = ~sinGat), Yy (1) =~ cos(tr). (25)
r r

¢) cylindrical coordinate system:

G(r) = r,(r) = Inr, ¥, (47) = J o (7). Yy (457 = Ny (247), (26)
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Important note:

Sometimes when solving problems for a solid sphere or cylinder the found
solution requires limitation at the sphere center or at the cylinder axis. Then
lower and upper boundary conditions are as follows:

o1 (r,1) oT,, (r,t
—1 =0 | Ty(r0) + by My (r-0) =py(1) (227)
or r=x, 7 r=xy
In this case we should assume the following in the found solution for multi-
layered objects:

Bl,m =0, y;(r,7) =@, (7) ,i=1,2..n (2.28)
and all further calculations are made in accordance with the main solution.
Conclusion

Thus, we have got the general solution of a boundary uniform problem with
transient boundary conditions of third type. The suggested solution form is of
explicit form and due to recurrent format of writing basic relations can be useful
for numerical calculations and analyses of kinetics of transient heating (cooling)
of multi-layered objects.

Different partial solutions of such problems can be directly written with
regard to boundary conditions (2), as well as expressions (4), (5), (14) and (2.24)
—(2.28).
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